
STOP 



Early Journal Content on JSTOR, Free to Anyone in the World 

This article is one of nearly 500,000 scholarly works digitized and made freely available to everyone in 
the world by JSTOR. 

Known as the Early Journal Content, this set of works include research articles, news, letters, and other 
writings published in more than 200 of the oldest leading academic journals. The works date from the 
mid-seventeenth to the early twentieth centuries. 

We encourage people to read and share the Early Journal Content openly and to tell others that this 
resource exists. People may post this content online or redistribute in any way for non-commercial 
purposes. 

Read more about Early Journal Content at http://about.jstor.org/participate-jstor/individuals/early- 
journal-content . 



JSTOR is a digital library of academic journals, books, and primary source objects. JSTOR helps people 
discover, use, and build upon a wide range of content through a powerful research and teaching 
platform, and preserves this content for future generations. JSTOR is part of ITHAKA, a not-for-profit 
organization that also includes Ithaka S+R and Portico. For more information about JSTOR, please 
contact support@jstor.org. 



[ aax ] 



On the METHOD of taking RADICALS out of 
E Q,U A T I N S. % Mr. D. M O O N E Y, A. B. 
Trinity College, Dublin. Communicated by WHITLEY 
STOKES, M.D. F.T. C. D. and M. R. I. A. 



une 
1 8th, <79<5. 



AMONG the rules delivered by the incomparable Sir Ifaac Read J> 
Newton for the Reduction of Equations, the following is a prin- 
cipal one : 

" Si cui furdae quantitati irreducibili litera involvatur ad cujus 
" dimenfiones, aequatio ordinanda eft, cseteri omnes termini ad 
*' contrarias partes, cum fignis mutatis transferendi funt, & utra- 
" que pars aequationis in fe femel multiplicanda, fi radix quadra- 
" tica fit, vel bis fi fit cubica." 

If the letter be involved in a fingle furd, the operation is eafily 
performed by fimple involution ; but if in two or more furds, of 
the fame or different dimensions, or if there be a number of ra- 
dical quantities involved in the terms of the equation, the opera- 
tion for clearing fuch an equation from radicals, is fomewhat more 
difficult. 

In 
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In the 97th Section of his Analyfis, Doctor Hales fhews the 
method of taking quadratic furds out of an equation, provided the 
number of terms be not greater than four, but if there be a fifth 
term, whether rational or furd, he is of opinion that the equation 
cannot, by that method, be cleared from furds. Were this the cafe, 
we would have no other alternative, than to recur to the method of 
Monfieur Fermaf, by feigning the furds equal to an affumed letter, 
and thence by means of as many fimple equations, as there are 
furds, to take thefe letters out of the equation; but this is a work 
of fo much labour, that it is fufficient to deter a perfon flightly ac- 
quainted with algebra. However, by confidering the nature of the 
furds that arife after involution, it will readily appear that there is 
no fuch limit, nor any need of recurring to an operation fo labo- 
rious. 

Let the equation propofed confift of five quadratic furds, if 
thefe can be rendered rational, four quadratics and a rational may 
be reduced at leaft with the fame eafe, 



s/a + -Jb = Sc + s/d + <//, 



it is plain, that any equation, confifting of five furds, may be 
reduced to this form, thence after involution will arife the feweft 
number of furd rectangles (Doctor Saunderfon fhews in his algebra 
that if two quantities be irrational, their product will be fo too) for 
if the equation was divided into parts of one and four furds, the 
refult would have fix furd rectangles, and from the former po- 
fition there will arife but four. 

By 
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By fquaring the fides of the equation propofed, we will have, 

a+b + 2s/ab=c + d+f+2Scd+2 s/cf '+ % s/df. 

If all the combinations that can be made out of the trinomial 
*/c-\rs/d-\-*/f be obferved, which are only three, we will fee, that 
the fuffixed quantities of every two of thefe admit one common 
divifor ; place then any two of thefe combinations at the fame fide, 
and the reft of the terms at the other, and affuming the rational 
quantities collected =p we have, 

p + 2s/ ab — 2 s/cd—2'Jcf-\- 2\fdf, and by fquaring 



p * + 4 ab + 4 cd + 4/ </ab-\p */<d-%s/ ' akcd=\ cf+ 4 df+ SfSdc. 

Of thefe furd rectangles, it will appear, that two coalcfce, i. e. 
have the fame fuffixed quantity, and the fuffixed quantities of the 
others admit a common divifor. By placing the rationals colleded 
p * + 4 ab + 4 dc -4 cf—\ df= q, and the coefficient %f—\p — r, we 
have \p \fab—8 sf 'abed '= r V 'dc-q, and fquaring, 



i6p 3 ab + 6^abcd—6^.pab s/cd— r 2 dc + q*—2qr </cd: now putting 
the rationals —f, and the coefficient, 64 pab—2 qr — t^ the equation 
will Hand, /= t >/cd, and fquaring,/" 2 =t i cd, which latter equation 
is free from furds. It is plain that affuming letters for the rationals, 
is only for brevity, and no way affects the furds. Thus it will ap- 
pear, how an equation, involving five quadratic furds, is rendered 
rational, by the fimple rules of involution and tranfpofition. 

Having 
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Having thus fhewn, that this method has more latitude than 
has been generally imagined, I fhall endeavour to evince the tru^ 
of it in the cafe of a fexinomial ; thereby demonftrating its uni- 
verfality, and fhewing how the furds, one by one, vanilh, not- 
withftanding the enormous appearance of furd re&angles at firft ; 
for the number of furd rectangles, arifing from the involution of 
a multinomial furd quantity to the fquare, is always equal to the 
fum of the natural numbers between o and the number of the 
parts conne&ed by the figns + or — , and therefore rapidly en- 
creafes. — Vide Saunderfon's Alg. Tom. 2, Section 422, (fub finem ;) 
& Simpfon's Alg. Chapter on Combinations. 

Let there be propofed the equation, confifting of a rational and 
five quadratic furds, x + >Ja + s/b — \/ V-V d~s/f= o. 

After tranfpofition, the equation muft either have two parts 
at one fide, and four at the other, in which cafe, after involution, 
there will be feven furd rectangles ; or one part at one fide, and 
five at the other, from whence would arife, after involution, ten 
furd rectangles ; or finally, three parts at each fide of the equa- 
tion, from whence, after involution, refult fix furd rectangles, i. e. 
three at each fide. Let us take the equation from whence the 
leaft number of furd rectangles refult ; 



fquared x i +a+b+2xSa+2x </b + 2 Vab = c + d+f+ 2 Sea 
+ 2 Vcf+ 2 </d/T 

Let 
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Let the rationals collected =£, and transferring to the other 
fide as well the rationals as the fimple quadratic 2 x Vb, the equa- 
tion will be2*^a + 2 s/ab = 2 s/ed+ 2 </c/+ 2 s/dj^-2 x \/b-g. 

For brevity fake I (hall hereafter afTume letters for the rationals 
of the equations, and transfer each furd as it comes out to a fimi- 
lar one wherever it is found, annexing the fign according to the 
fide it is placed at ; fquaring the above equation we have 

k + lxastb ssf | 6c^df+Zd^c/-8x^l7d~4gWcd-ix^l7^8x^T3f 
—AgxJb ^4gVdf-4g s/cf +Sfs/cd 

Here then we have an equation free from the furd </a and fincc 

the coefficients of the furds can by no means affed the poffibility 

of clearing it, and we arc fo far only concerned, I fliall omit them, 

and fubftituting k for the rationals i— b, the equation will be 

</b + Sbcd + s/bcf+ Sbdf = s/df+ Scf+ >/cd—k and fquaring. 

/+ 26 </cd + %b s/cj + zb Vdf z=m + ifs/cd+2d </fc—2k >/df 
+ 2/bJVcd + ibds/cf+ 2bc Sdf -*k Vcd-2k jfc + 2c s/df, 

whence -aegleding coefficients after uniting the furds ; 
we have </cd+</cf = </d/—n. Here we have exterminated the 
furd s/b, and by each fucceeding operation we take away one more, 
always adhering to the rules to transfer to the fame fide all thofe 
furds- whofe fuffixed quantities involve the fame letter ; from 
whence alfo it follows that the number of involutions will be plus 
one than the number of furds. In the fecond ftep there were 
eleven furds with rationals, and in the next tho' twelve appear ; 

Vol. VI. F f they 
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they can be reduced to three and a rational, whence the Am- 
plification is manifeft : The fame I have tried in a feptinomial, 
and the rcfult was agreeable to the former; though the third 
involution, produced twenty-nine furd rectangles befides ra- 
tionals. 

The example propofed by Newton, where he mentions M. Fer- 
mat's method, will readily prove that the method juft laid down 
fhews the connection of the parts of the equation much better 
and is much more brief, the whole being carried on in one 
fingle equation; that example is an equation confifling of a 
cubic furd, two quadratics and a rational, and which Sir Ifaac 
has given us without the operation. Doctor Hales in his Analyfis, 
98th Section, has given the operation where even the fu.bfti- 
tuted letters rife to the cubic dimenfion. I fhall now fubjoin 
the operation according to the method now propofed : 



day — </a 2 — ay — la = Jay 2 which cubed and collecting fimilar 
terms becomes —14a 3 -f- 15a*— 2ay/ay— \$a 2 — lay da*— ay + 12a 2 

s/ay—y 2 — ay* ; afTuming 15a 2 - ay = p and 13a 2 + lay = q 
by tranfpofition we have, 
p*/ay+ 12a 2 >Jqy—y 2 — ay 2 4- l\a^ + q\Za 2 —ay and fquaring, 



* 4 



p 2 ay + \\j\ay— i^ay -f- 2/^payVa 2 —ay = ay+ l$(ya + qa — qay 



4- 2%ay + 2qay + 2Baq y/a 2 — ay. 

whence 
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whence tranfpofing and Amplifying we have, 
, «» « .4 .* +iqay 

— 24apy 

which latter equation has but one furd, whence forp.q.p* 
and q 2 fubftituting their values and connecting the terms we have 
after dividing all by a 1 

_ __4 

* j **»/-' * * * ' * 

— / + Say — 1840/ + 4800/ — 365a = 74a/ — 3043/ + 364a + 4/ 
'.\/a z ay which equation fquared and transformed into an original 
equation gives an equation free from furds the fame as Do&or 
Hales's final equation. 



J J 4 4 Jl 



y * + 1008a/ — 1464*3/— 2762a/ + 3680**/ + 2916a/ — 972*3/ + 729a 

= o. 

By the fame management we may take away the afymmetry 
of an equation having furds of a more intricate nature. 

Let there be propofed the equation confifting of a cubic furd 

* « j 

and two biquadratics s/ a+ </b = i/c. 

Involve both fides to the cube and the equation will then 
ftand, 

*/a 3 + 3 >/ab 2 + 3 «/0*T+ </ih = c. 

of thefe furds we may obferve that the product of two pairs 

F f 2 will 
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will give a fimple quadratic, placing at the fame fide thofe 
pairs the equation will ftand, 

4 4 — * * 

Ja 3 + 3 Jab* z=c-- ^Va'b — '/b* and fquaring this equation 

4 * 

a s/a + 6a </b + gb */a = c + ga s/b + b ^b — 6c ^a % b — ic v£» + 66 /<* 

Let the terms be collected uniting fuch furds as admit it, 

and fubftituting letters for the coefficients $a + b=y 

— $b—at=z 

4 — 4 

the equation will now be 6c*a*b+ zc "Sb* ~c* +_y ^br-z ^a 

» * a 4 • * m 

whence by fquaring nfica ^b + z\cb */a + \cb ^b = c + yb + za + %cy 

v£— 2cz '/a — lyz S a b. 

* » * 

Let $6ca + /\cb — zcy=:v 

* » 

c* +yb + za = x 

ZifCb + 1CZ = t 

The equation will then by tranfpofition ftand thus, 
v *Sb + 1 ^a = x — zyz •Sba and fquaring 

v x b + ta + %vt ^af— x — A-yzx ^ba + fyzba let the rationals = r 
and the coefficient vot 4- \yz* — s and the equation will be s </ab 
= r and fquaring t % ab = r* where all the terms are rational. 

Nearly 
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Nearly fimilar is the management of three biquadratic furds, 
by all which it will appear that this method is much fhorter 
than M. Fermat's ; the principal care to be taken is to keep 
at the fame fide two furds whofe product will give a fimple 
quadratic, and then uniting the terms that will admit of it pro- 
ceed as before by involution and tranfpofition. 

When fractions having furds in their denominators occur, 
it is expedient to remove the furds out of the denominator 
by multiplication, this is ufually done by the multiplication 
of the denominator taken as a binomial or refidual ; if there 
be four quadratic furds this is generally fuppofed the limit, 
and that if a fifth term be added whether rational or not, 
the denominator cannot be rendered rational, but fince the bi- 
nomial or refidual here affords the fame convenience as the 
tranfpofition in equations, a repeated multiplication will clear 
the denominator of radicaiity. True it is that after multiplica- 
tion by a binomial, if the denominator be refolved into parts 
of one and four furds, there will come out fix furds and in 
no cafe lets than four and a rational, however by continuing 
the operation a little farther the Amplification will appear, 



m, &c 



Vrf + v£ -j- V c 4- ^a + </e X ^a + "Sb — */c — V</— </e the deno- 
minator which is the multiplier being refolved into parts of two 

and 
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and three furds, in which cafe fewer furds will come out in 
the product after uniting fuch as admit of it, than if the deno- 
minator were refolved into parts of four and one, by retain- 
ing at the fame fide of the binomial thofe furds whofe quan- 
tities under the radical fign have a common divifor, in the next 
multiplication their product coalefce and may be united, fo that 
after four multiplications the denominator is freed from radi- 
cally as will beft appear by example, 



Sa + V£ + Sc + sd 4- S e X Sa 4- v£_ </c — Sd— Se 

+ a + Sab + Sac 4- S a d + Sae + Sbc + Sbd + She — S c d— Sec — Sed 
+ b + 'Sab — Sac — Sad— Sae — Sbc — Sbd— Sbc — Scd— Sec — Sed 

— c 
-d 

— e 



a + b-c-d-e + 2 S a b ******— ft vW- 2 •« «•«/ 

Let all the rationals equal r and the product will be 
r + 2 Sab — 2 See — 2 Scd — 2 Sde 

r + 2 Sab — 2 See — 2 S c d— 2 S e dx r + 2 Sab — </ce+z S c d+ 2 Sde 



r* -i- 2r Sab — 2r See — or Scd — %r*de — \ Sabce — 4 S abed — 4 Sabde 
\ab 4. ir Sab — 2r See 4- \e Scd+ \c Sde — 4 Sabce + 4 S 'abed + 4 Sabcdt 
^c — \dSce+irScd—\cS ' de 

±cd — \d See — $e Scd + %r Sde 

ifde 

r* 4- 4ab + \ce — 4cd— +de + \r Sab — \r — SdSce — 8 Sabce 

Let 
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Let all the rationals = p and the coefficient — %r — Sd = y 
and the produd will now be p + +r Sab - q </ce - 8 Sake by ob- 
ferving the fame rules and multiplying by p + ^ </ a b + q See 
+ 8 SaScc the product will have but one furd. 

p + ySab—qi/ce — 8 -/abce X p + ±r *ab + q Vcc + 8 Salce 
will give p x + i6r*ab - q % ce - d^bce + 8rp^i6q~ceSab now 'tiT 
plain that by one multiplication more the denominator is free 
from all radicals. 



